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There have been controversies in the physics literature over questions concerning systems
consisting of magnets and electric fields for over 100 years, and not all have been set-
tled to everyone’s satisfaction. In particular it has been accepted for over 50 years that
Amperian magnets in electric fields contain hidden mechanical momentum and an electric
dipole is induced on a moving magnetic dipole. The physics literature is filled with ref-
erences to these claims; they show up in widely used textbooks and are invoked to solve
electromagnetic paradoxes. However, I show that these claims violate special relativity and

momentum conservation, and controversies are solved without them.



I. INTRODUCTION

It has been known for a long time that electromagnetic fields can contain both linear and angular
momentum!?. The linear electromagnetic momentum per unit volume in free space is given in SI
units by

Pen = EE X B, (1)

where €, is the permittivity of free space, E is the electric field, and B is the magnetic field. The
quantity of linear electromagnetic field momentum in a region of space requires a volume integral
of Eq. (1) over that region. The electromagnetic angular momentum density about a certain point
involves taking the vector product between a position vector centered on that point and the linear

momentum density at a point in space, that is,
lyy =€,r x (E X B). 2

Once again you must integrate over a volume of space to find the electromagnetic angular momen-
tum in that space.

This article is concerned with linear and angular momentum of isolated electromagnetic sys-
tems in free space. There are a number of paradoxes associated with these systems that haven’t
been resolved to everyone’s satisfaction. In what follows I will examine momentum in electro-
magnetic systems containing magnetic dipoles and show that the ideas of hidden momentum and
induced electric dipoles on moving magnetic dipoles violate special relativity and momentum con-

servation. Controversies and paradoxes can be solved without these erroneous concepts.

II. MOMENTUM IN A CHARGE-MAGNET SYSTEM
A. An Unshielded Magnet

In 1969 Furry? calculated the electromagnetic linear and field angular momentum in charge-
magnetic dipole systems for both an Amperian magnet where the magnetism is produced by elec-
tric current and a magnetic-pole model where the magnetism is produced by a pair of magnetic
poles. In his calculation of linear field momentum involving an Amperian magnet, a magnetic
dipole consisting of a uniformly magnetized sphere where the magnetization is due to a surface
current was situated at the origin of a Cartesian coordinate system with its dipole moment g di-

rected at an arbitrary angle in the x-z plane. (The specific magnet model was necessary to avoid a
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mathematical singularity at the location of the magnet.) A point charge g was located at z = a. He

found the linear field momentum of a charge-Amperian magnet system to be
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where the second expression on the right assumes the electric field is uniform over the extent of
the magnetic dipole (small dipole approximation). If the magnet is due to a pair of isolated poles,
he found the linear field momentum to be zero. He also found that any distribution of electric field
and magnetic-pole pairs would have zero field linear momentum.

The field angular momentum about the location of magnet (this time with no need for a specific

magnet model such as the uniformly magnetized sphere) was found to be

“4)

Loq (Mg (K-a)a
Lem:axpem: AT |:7_ a3 :|

When the electric field is perpendicular to the magnetic moment, the field angular momentum is
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In contrast to the case of linear momentum, the field angular momentum was the same whether
the magnetic dipole was Amperian or a magnet-pole pair.

The presence of linear and angular electromagnetic field momentum in a system consisting of
a point charge and a magnetic dipole is hard to understand unless there is some way to balance the
field momentum with mechanical momentum. This was what Shockley and James* set about to do
in their 1967 paper where their model consisted of an Amperian magnet made of non-conducting
material and two oppositely charged point particles equidistant on either side of the magnet and
where the magnetic moment was perpendicular to the line between the two charges.

The two oppositely charged particles guaranteed that there would be no field angular momen-
tum about the point where the magnet was located. With this model they only attempted to propose
the presence of (hidden) mechanical linear momentum in the magnet equal and opposite to the lin-
ear field momentum.

However, they made an error in identifying mechanical momentum in their model by ignoring
how it was assembled. I have shown® how linear mechanical momentum is imparted to the model
of Shockley and James by bringing the two opposite charges in from a great distance to the vicinity
of the magnetic dipole. This momentum is transferred to an external agent if that agent exerts

mechanical forces to balance the Lorentz forces acting on the charges and magnet.
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Here, I will bring a single charge in from a great distance to the vicinity of an Amperian mag-
netic dipole to show that the linear and angular mechanical momentum generated is equal and
opposite to that found by Furry. As the point charge g is moved toward the magnetic dipole, it
experiences a Lorentz force, and the dipole will experience an equal Lorentz force. In this calcu-
lation both forces will be countered by an external agent such that the magnetic dipole remains
stationary and the point charge moves in a straight line to its final position near the magnet. This
is so that the charge and dipole end up in the same configuration as in Furry’s calculation. The ex-
ternal agent will therefore be the recipient of the momentum generated by the Lorentz forces. The
forces involved in assembling the system are equal and opposite so that the momentum parallel to
the motion of the charge remains zero.

To keep the mathematics simple for the sake of argument, I will have the electric field perpen-
dicular to the magnetic moment. The magnetic dipole will be at the origin of the coordinate system
with its moment pointing in the positive z direction. The point charge will be moved slowly (to
avoid any radiation from acceleration) from a great distance along the negative x axis in the posi-
tive direction to a point x = —r, where r is the distance between charge and magnet. The magnetic
field at the location of the charge as it moves along the x axis is

UoTA -+

B=— 6
Am|x]P ©)
such that the Lorentz force on the charge is
A UoTA + UoglAv A
Fp=qvix(— k)= 7
L=gvi ( 471")6‘3 ) 471'|x\3 ) (7

where [ is the current in the Amperian dipole, A is the area of the current loop, v = dx/dt is the
speed of the charge, and the magnetic moment is g = 1Ak.
The impulse imparted to the charge as it moves along the x axis from x = —oo to x = —r can be

calculated as follows>.

-r /.LoqIAA, —dx 2
Py= | Fuar=-F ]/_wa:pr/zc, ®)

where E is the electric field at the location of the dipole in the small dipole approximation.
There has been some controversy over the correct formula for calculating the force on a mag-
netic dipole in a magnetic field®3, so I will calculate it from a more fundamental perspective. The

result is the same as that found from the traditional formula, given by
F=V(u-B), )
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the formula Franklin has argued is correct®. The moving charge ¢ produces a magnetic field at the
dipole. This is the magnetic field to be used in the above equation to calculate the force.
The force can be calculated from the magnetic field produced by the displacement current

acting on the charge current of the magnet (Figure 1). In the slow-motion approximation where,

1
- =1, (10)
4 V1—=v%/c?
the displacement due to ¢ at the magnetic dipole is
1 g»
D=—=i. 11
4m rzl (in

The displacement current density is equal to the time rate of change of the displacement, Jp =
dD/dt. Integrating the inner product of the displacement current density with an area gives the
displacement current through that area. Then Ampere’s law can be used to calculate the magnetic

field around the area in situations sufficiently symmetrical.
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FIG. 1. Displacement Current and Magnetic Field at Magnet Model

In this case you have circular magnetic field lines centered on the x axis and oriented in a
counterclockwise direction with respect to the positive x direction. The strength of the field of a
magnetic loop will depend on the displacement current within it. The magnetic field loops acting
on the charge current will have cross-sectional areas defined by circles with diameters equal to
the distance between the edges of the disks parallel to y (Figure 1). The area of a given loop
is ma’sin®¢, where a is the radius of the disk and ¢ is the usual azimuth angle of a spherical
coordinate system. The displacement current as a function of ¢ involved in the interaction is
therefore

aD ., gva*

Ip = — -ina’sin ¢—
2r3

- 1 sin’9, (12)
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where v = (—dr/dt)i when you take the time derivative of D. From the integral form of Ampere’s

law, you find the magnetic field at the rims of the disks as a function of ¢,

.uoID > Hoqav .~
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D™ 4rasing 4mr3 sing (13)

Now you integrate the Lorentz force around the current loop to get the total force due to the

magnetic field of the displacement current.

n [Av .
szlj{dleD:Ifadq)(prD:Mj, (14)
47r3
where (i) = —sinq)f—i— cosq)}’. To get the impulse on the dipole, you integrate over time. (The
integral becomes one taken over the distance r, since v = —dr/dt.)
_ MoglA 2
Pdp—WJ—HXE/zc. (15)

Note that this is equal to the impulse applied to the charge, Eq. (8), both in magnitude and di-
rection, and when the impulses are added together you get a result that is equal and opposite the
linear field momentum of Furry, Eq. (3). So, you have started out with components with zero
momentum and end up with a charge-magnet-external agent system with zero linear momentum.

The next task is to calculate the mechanical angular momentum the charge-dipole system ac-
quires as the point charge is brought in from a great distance. The external agent applying me-
chanical forces will again be the final recipient of the mechanical angular momentum.

As the point charge g is moved toward the magnetic dipole, it experiences the Lorentz force
given by Eq. (7), and the dipole will experience an equal force. As in the calculation of Furry,
the angular momentum will be taken about the location of the magnetic dipole. The force of the
external agent, of course, produces no angular momentum about the location of the dipole. The

mechanical angular momentum acquired by the external agent is given by

k [—rdx
Lyecn = /rXFLdt = _uof; /_oo X_2 (16)
_ _ HogH
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This mechanical angular momentum is equal and opposite to the field angular momentum found
by Furry Eq. (5). No hidden momentum in the magnet, either linear or angular, is necessary for
momentum conservation. In fact, the presence of hidden momentum would violate momentum
conservation. Although there could be Coulomb forces on the charge and magnet due to induced

charges on the magnet, these would not contribute to the momentum of the system.
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B. A Shielded Magnet

For this calculation I will use some previous results where a magnet is formed in a uniform
electric field”. To avoid the problems raised by an unbounded uniform electric field in this refer-
ence, I formed the magnet inside a non-conducting spherical shell with a surface charge density
that produced a uniform field inside the shell and a dipolar field externally. It was shown that
linear momentum was conserved without the need for hidden momentum, since the mechanical
momentum of the shell was equal and opposite to the field momentum. There was no angular
momentum in this model.

In the present calculation, the shell will be conducting and a current will be introduced in the
shell by an external agent. Because of the absence of an electric field inside the shell there is no
question of hidden momentum. Lenz’ law guarantees that the net mechanical angular momentum
of the charge carriers and the external agent will be zero. Rather than bringing in a positive charge
from a great distance, here there will be a positive charge ¢ a distance r in the negative x direction
from the center of the magnet and held stationary by mechanical forces produced by an external
agent as the magnet is formed slowly by steadily increasing the current in the counterclockwise
direction about the z axis. The growing magnetic moment will point in the z direction.

The conducting shell has a radius R and the two-dimensional charge density of the charge

carriers, 0, is uniform across the shell. The two-dimensional current density will have a magnitude
K = cwRsinb, (17)

where @ is the angular speed of the charge density, and 6 is the polar angle. The magnetic moment
will be in the positive z direction:

4 N
u= gywcoR“k, (18)

meaning the current density is given by?

- _ 1
K=_—nxR (19)

The induced charge density on the conducting shell produces an electric field inside the shell that
cancels that due to the point charge. This field can be assumed to be uniform in the small-dipole
approximation. The growing magnetic field creates an emf that acts on the induced charge such
that a linear momentum of

x E
Py =55, (20)




is imparted to the shell>. (The sign difference between this and the referenced material is due the
difference in the direction of E.)
There will also be an emf acting on the point charge g. The magnetic flux inside the radius r

will be

b= ; 21

where [t = du /dt. The growth of the flux inside the radius r will establish an emf & = d®_,/dt =
UofL/2r at the radius r in the clockwise direction about the z axis. The force on g will then be

& & Hogll A
F,=g—j= .
a4 q27rr" Amr?

(22)

Without an external agent holding ¢ stationary with mechanical forces, the charge would acceler-
ate. (Or, you could have the mass of g to be extremely large.) In the former case the external agent
would receive an impulse of

Hoqit» M XE
P,= / Fodr =205 - B22, (23)

where U is the final value of the magnetic moment and E is the electric field at the location of the

magnet in the small-dipole approximation. Note that this is the negative of Eq. 20, such that there
is no net linear mechanical momentum in the system.
What about linear field momentum? Furry’s result® for the linear field momentum without the

magnet model he used to avoid a mathematical singularity was, in SI units,
uxE
C 32

his equation (30), where p and E are defined as before. This is the appropriate equation here for

Pr= (24)

the linear momentum due to the electric field of ¢ and the the magnetic field of u, since the electric
field of ¢ does not penetrate the shielded magnet. The linear field momentum due to the dipolar
field of p and that of the charge of the shell was calculated previously”, and for this situation is

given by
_ UXE
dd — 3C2 .

So the net linear field momentum is also zero and liner momentum has been conserved in the

(25)

assembly of a charge in the vicinity of a shielded magnet.

The analysis for angular field momentum is just as was given by Furry?, since the magnet is
assumed to be so small that the angular field momentum in its immediate vicinity is negligible. For
the same reason the result for the mechanical momentum given for the unshielded magnet given

above also holds. Hence angular momentum is also conserved.
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III. THE MANSURIPUR PARADOX AND CHARGE SEPARATION ON MOVING
MAGNETIC DIPOLES

9 reviewed a claim

A news article that appeared in the 27 April 2012 issue of the journal Science
that provoked a lot of discussion among many researchers involved in electromagnetic theory and
special relativity. It was claimed by Mansuripur!? that the Lorentz force of electromagnetism was
not compatible with special relativity. His argument was based on a paradox involving angular
momentum in a charge-magnet system.

The paradox is depicted in Figure 2. In the inertial reference frame S’, observer O’ is stationary
with respect to a positive charge g at the origin and a magnetic dipole u' = u’ k at X’ = a. She sees
no reason for there to be any interaction between the charge and the dipole. However, frame S’ is
moving to the right in the inertial frame of observer O, and, according to the conventional idea, he
should see an electric dipole on the magnetic dipole, indicated by the charge symbols in Figure 2.
In his frame of reference, he should see the positive side of the magnetic dipole repelled by charge
g and the negative side attracted resulting in a torque acting on the magnetic dipole — a torque
which is not observed by O’. This situation is clearly outlawed by the principle of relativity (not
to mention common sense), so Mansuripur claimed the Lorentz force responsible for the torque is

not in tune with relativistic principles and should be replaced by another force, the one proposed

by Einstein and Laub'!.

=
o=

o
Il
Q
e

FIG. 2. The Mansuripur Paradox

A resolution to the paradox preserving the Lorentz force based on hidden momentum has been
proposed. (See, for example, Griffiths and Hnizdo'?.) However, the simplest resolution involves
the proposal that an electric dipole is not present on a moving magnetic dipole'>'%). With no

electric charge separation on the magnetic dipole, there is no mechanical torque in either the S or
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S’ frames.

It is interesting that the belief there is an electric dipole on a moving magnetic dipole arises
from a misapplication of relativity. When current density is Lorentz-transformed from an inertial
reference frame in which there is no charge density to a frame moving with respect to that frame,
the general result appears to be a charge density in the moving frame. The charge density four-

vector in the S’ frame is

!/

=020 e, (26)

where ji/ is the current density in the x’,y’, and 7’ directions and p’ is the charge density (in the
time component of the four-vector). A Lorentz transformation to the S frame in which the S’ frame

is moving in the x direction with speed v is!3

=y —vp' 7 ep’ —vit o). 27)

According to the above equation, there is a charge density in the S frame given by —yvj v /c? even
when p’ is zero. This implies that the observer O sees the near side of the current loop in Figure 2
to be positive and the far side to be negative, implying he should see the result of a torque acting
on the loop due to interaction with charge g.

Franklin'3 has provided a direct explanation as to why this is not true. He shows that Eq. (27)
is not correct as naively interpreted because the current density is a function of the space and time
coordinates which have to be transformed along with the current density itself. By not performing
this transformation, the relativity of simultaneity is violated.

To see this is the case, consider Figure 3, which depicts a rectangular current loop in its rest
frame, S’. The left-right length of the loop is /’ and it carries a counterclockwise positive current
I'. In the center of the bottom segment of the loop is a pulse generator that emits brief light pulses
to the left and right simultaneously.

In the S” frame the pulses arrive at the same time at the detectors, but that is not the case in
the lab (S) frame in which the loop is moving to the right with speed v. In the S frame, due to the
fact the speed of light is the same in all frames, the left-moving pulse arrives at the detector at the
trailing end of the loop at a time yvI’ /c? before the right-moving pulse arrives at the detector at the
leading end of the loop. This is nothing more than the proverbial “train paradox” of relativity.

It can be shown that in the S frame an amount of charge (vI'/c?)I’ passes the left side of the
loop after the pulse arrives there and before the pulse arrives at the right side of the loop!*. A

similar situation with an opposite amount of charge occurs on the top segment of the loop, making
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FIG. 3. A Moving Current Loop

the loop appear to have a charge separation. The amount of charge on the top and bottom loop
segments determined between the times of the pulse arrivals is different in the S frame from that
in the S’ frame. The apparent charge separation in the S frame is just the amount necessary for an
electric dipole to appear on the loop'*. However, it is clear this charge is only due to the relativity
of simultaneity — due to the fact that the pulse arrivals are not simultaneous in the S frame as they
are in the S’ frame.

One must also apply the argument of Franklin!? to the magnetization-polarization tensor. The
Lorentz-transformation of the tensor is not properly done without a concomitant transformation of
the coordinates of the tensor components. When this is done no electric dipole appears on moving
magnetic material, although there is, of course, an electric field generated according to Faraday’s

law. This error is unfortunately found in the classic text of Panofsky and Phillips!>.

IV. TORQUE IN A MOVING CHARGE-MAGNETIC DIPOLE SYSTEM

One area of possible confusion over the existence or non-existence of torque in a moving
charge-magnetic dipole system, such as that which arises in the Mansuripur paradox, could be
the fact that there is indeed torque in the system. The system contains linear and angular mo-
mentum in its electromagnetic field and both appear in the angular momentum four-tensor. When
the system is moving, the linear momentum gives rise to a time-dependent angular momentum

creating torque in the electromagnetic field.
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Also, there is indeed torque due to the interaction between the charge and the magnetic dipole
when the system is moving so long as the magnet is not shielded from the electric field, but this
torque is also in the electromagnetic field and is not mechanical torque. These two torques are
equal and opposite, canceling out with the result the angular momentum of the charge-magnet
system is conserved with no mechanical or net electromagnetic torque present. These torques can
be identified in a fully relativistic analysis.

In the following equation for the angular momentum four-tensor, L is the angular momentum
of the system, p its linear momentum, m is the system mass, (x,y,z) is the position of the center
of mass with respect to the point about which the angular momentum is taken, and ¢ is the time in

the rest frame of the system.

0 L, —L, mex — ctpy
LAV _ —L, 0 Ly mcy — ctpy
Ly —L, 0 mcz — ctp,

—mcx+ctpy —mcy+ctp, —mcz+ctp;, 0

Consider the charge-magnet system of the Mansuripur paradox. The angular momentum four-

tensor for the electromagnetic field in the S’frame is,

4ma
~ HoqH 0 0 Hogqlict
LY — 4ra dma® || (28)
0 0 0 0
Hoqlict
4ma? 0 0

where Egs. (3) and (4) have been used. Transforming this tensor to the lab frame S in which frame

S’ is moving with speed v in the positive x direction, you get, in the slow-motion approximation,

Hogl — Hoglvt

0 0 0
41a 41a?
_ HogHt + Hogq vt 0 0 Hogqlict 4 HogqVvH
LAY — 41a 41a? 41a? 4mca | | (29)
0 0 0 0
0 _ HogHct — Hogvi 0 0

4ma? 4mca

The z component of the angular momentum in the lab frame, L, = L!? is

[ — HogHl Hoguvt

" 4ra 4ma? - (30)
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This angular momentum must be in the electromagnetic field since the first term on the right
certainly is and the second is found from a Lorentz transformation of a linear momentum in the
electromagnetic field. The time derivative of this gives the time rate of change of the angular
momentum, which is the torque involved.

dL; — Hovql

=z . 1
dt 4ma? (3D

As for the interaction between the unshielded current loop and the point charge ¢, look at the
force four-vector on the current loop in the S’ frame. Use the slow-motion approximation such
that the current loop is centered on x = x' = a at t =t/ = 0 in both frames and where quantities
unchanged between S and S’ in this approximation are not primed. If the radius of the current
loop is R, the electric field at a point on the loop x = a+ Rcos¢ and y = Rsin¢ due to the charge ¢,

where ¢ is the local azimuth angle measured in the positive direction from the x axis, is given by

£ — 1 g(a+R)

 4re, (a® +R? +2aRcos¢)3/?’ (32)
where @ = ai and R = R(cos¢i+ sin¢ j). The loop carries a current density given by
JH = pu' (—sing,cos@,0,0), (33)
where,
Jo = —pu'sing and Jy = pu'cos@, (34)

and where p is the charge density of the current and «’ is the drift speed. Breaking up the electric
field into x and y components (no z component is present at the loop) and applying the Lorentz

electromagnetic field tensor, you get

Ey
0 0 020/,
E,
0 0 0-—=|]|-Jy
Iy, ¢
EMY = : (35)
0 0 00 0
_E By 0 0 0
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0
0
E*V'J, = . (36)
0
JvEy  JvEy
c c
The force-density in the time slot is seen to be
J.E, JuE
for == "4 (37)

the same as the power density divided by ¢. This component is present because there is force on
the current density due to the charge ¢, and the current density is moving in the lab frame.

Assuming the distance a is much greater than the loop radius R, the electric field components
on the loop in S’ are approximately (Eq. (32))

_qla+Rcos9)

gRsin¢
Exl ~ 4 3 ~

and E, ~ .
YT 4re,ad

(38)

When you substitute £y and E\ from the above equations and J and Jyy from Eq. (34) into Eq.
(37) and integrate over the volume, you find that the total four-force on the loop in S’ is zero due
to the angular dependence on ¢. A four-vector that is zero in one frame of reference has to be zero
in all other inertial reference frames, including, of course, the lab frame.

Nevertheless this force is responsible for the appearance of a torque in the lab frame, but this
torque results from a force density in the time component of the four-vector rather than a space
component, which implies it is not a mechanical torque but one confined to the electromagnetic

field. The components of the antisymmetric torque four-tensor, given by the volume integral
0B — / (B — B F\av, (39)
14

in §’ acting on the current loop are not all zero. The volume integrals of the torque density that
are zero are due to the ¢ dependence and the fact that z = 0. The non-zero pair (symmetric-
2/4/

. . 14! 15V . . .
antisymmetric partners) are 72+ and 7?2 = —7 The calculation of 724 is carried out as

follows, taking the origin about the center of the loop for the volume integration of the torque
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density,
2 [ = f)aV = [ ¥ foraV’ (40)
JoE JyEy
= / (Rsing) (u + u) av’.
\vd C C

To perform the volume integration, you assume that the wire of the loop is one-dimensional, which
lets you make the substitution pdV’ = ARd¢ where A is the linear charge density of the charge
carriers responsible for the current. This allows you to write the integral as
R>Au/
T2/4/ _
c

/0 M(—Ex/sinzd) + Eysingcosd)do. (41)

The second integrand gives zero when integrated over ¢. The first integrand gives

w  RPAW 27 [ q(a+ Rcosd)
2'4 )
- _$aTRcosp) d 42
4 c /o ( Ame,a’ )sm 9do “42)
_ ke
Are,a?’

where u = I'TR?> = Au'mR?. This torque, when transformed to the § frame, gives rise to a torque
about the z axis, as follows (where I = I’ since u = v’ in the slow-motion approximation as it is the

speed difference between charge carriers and background ions),

2 Vg1 Vv 24! HovgUl

T, =T
This is the torque that is supposed to be mechanical in nature and produced by the interaction
between the charge g and the presumed electric dipole on the magnetic dipole, both in the moving
S’ frame. However, this torque is actually in the electromagnetic field, not mechanical, and offsets
the torque given in Eq. (31).

In the case of a shielded current loop, there can be no interaction between the current in the loop
and the electric field of the charge. However, note that the entire system in this model includes the
external agent with a mechanical linear and angular momentum equal and opposite to that of the
electromagnetic field. Thus the total momentum is zero in both the S and S’ frames. (A four-vector
or four-tensor that is zero in one inertial frame is zero in all others.)

It is interesting to note that when the magnet dipole consists of a pair of magnetic poles, there
is no linear field momentum but the field angular momentum is still present according to Furry?.
With no linear momentum there is no time-dependent field angular momentum in the transformed
angular momentum four-tensor and thus no field torque. Also, since there is no current density in

the magnetic dipole, there is no interaction between the charge and the magnetic dipole when they

are in motion and thus no field torque here either.
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V. A CURRENT LOOP MOVING IN A UNIFORM ELECTRIC FIELD

In this paradox you have a uniform electric field (E = E IAc) directed parallel to the positive z
axis and a current loop initially moving in the positive x direction in the lab frame (S) at speed v
with its magnetic dipole g = ui pointed in the direction of motion. This paradox has been treated
by Bedford and Krumm!6, by Namias'”), by Vaidman’, and by Franklin'3. In the rest frame of
the loop the electric field is moving in the negative x direction with speed v. Hence there is a

Lorentz-transformed magnetic field present at the loop (Figure 4).

.2y 8],
B=2Ej

FIG. 4. The “Paradox” Treated by Vaidman

B’:—yvxE/czzy%E}' (44)
c
There is also a transformed electric field given by
E' = yE = yEk, (45)

The presence of the magnetic field in the S’ frame implies there is a torque on the current loop in

that frame (so long as the electric field is not screened) given by
v = ' x B = u—Ek, (46)
c

where the term on the far right uses the slow-motion approximation; that is, ¥ =1 (v << ¢),

meaning 4’ = p and E’ = E. This approximation will be employed for the rest of this section.
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The problem is there is no magnetic field in the lab frame and therefore (presumably) no torque.
The (net) Lorentz force on the loop is zero. Why is it that an observer in S’ records a torque that is
not observed in the lab frame? Vaidman found a resolution for three versions of a magnetic dipole;
however, he also claims that two of the dipole models contain hidden momentum. It is possible
to resolve the paradox in a general way and show that hidden momentum, if it exists, spoils the
resolution.

The hidden linear momentum in the two current loop models in the S’ frame is given by Vaid-

man as7

Pridion = [ 994V = p x B/ = —uE /], @7)
when the magnetic dipole is parallel to the positive x direction. J is the current density in the loop
and ¢ = —zFE is the electric potential. (According to the above equation, the hidden momentum
will change direction if y rotates.) If there is a time-dependent angular momentum L, along the z
axis about the center of the loop at time ¢ (= ¢’ for the slow-motion approximation) and also hidden
linear momentum in the loop given at that instant by Eq. (47), the angular momentum four-tensor

(Eq. (28)) taken about the center of the loop in S’ is

0 Ly 0 O
Ty _ —Ly 0 0 pEt/c . 48)

0 0 0 O

0 —uEt/c0 0
(There is also linear momentum in the electromagnetic field which would be included in the com-
plete tensor, but since the interaction between matter and the field is negotiated by the Lorentz

force, there is no reason to include it when just considering the current loop.)

The torque on the loop is the time rate of change of its angular momentum in the rest frame

(S’) of the loop (dL;/dt). When the angular momentum four-tensor is Lorentz-transformed to the

S frame, the four-tensor will contain
L,=Ly—(v/c*)uE? (49)
in the x-y slot. The time derivative of this equation gives
dL./dt = dLy/dt — (v/c*)UE, (50)

such that the torque in the S frame does not equal that in the S” frame. So, we are back to the

paradox of observers in different frames measuring different torques.
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The fact is no hidden momentum exists in the current loop in S’ as I have shown above. The
torque acting on a current loop is that found in Eq. (46), unless the ambient electric field is shielded
from the current by conducting material. Then B’ = 0 at the current and there will be no torque,
something previously pointed out by Franklin®. If there is induced charge on the loop due to a
lack of total shielding from the ambient electric field, the Lorentz force on the two charged sides
of the loop will be parallel to the z direction and equal and opposite, canceling out and producing
no torque but creating stress in the magnet.

Namias'” and Vaidman’ claim the there is a magnetic field inside the conducting loop due to
the scalar potential that the charges induced by the ambient electric field to counter the ambient
potential. This induced potential is supposed to give rise to a magnetic field in the S frame courtesy
of the vector potential of the transformed induced potential. However, it appears to me the total
scalar potential inside the conductor in both frames should be constant, and therefore there should
be no transformed magnetic field in S. (See also Franklin®.)

For a magnetic dipole like that of Shockley and James*, there is no conducting material and the
full torque of Eq. (46) should be realized. (Any induced charge will be stationary in S’ frame.)
Since there is no magnetic field in the lab frame in which the loop is moving, how is it that no
torque is observed? Actually, the torque is observed as I will now explain.

It is correct that in the S frame the (net) Lorentz force on the magnetic dipole is zero, but that
does not mean the torque is zero. In the S’ frame there is a force acting on the positive y' side
of the loop in the negative x’ direction. On the negative y’ side of the loop a force of the same
magnitude is acting on the loop in the positive x” direction. These forces sum to zero and so the
net force on the loop in both the S and S’ frames is zero. When these two forces are transformed
to the S frame, each is reduced by a factor of 1/7, but they are still there. The mass and thus the
rotational inertia of the loop is increased by a factor of y. The torque is reduced and the inertia is
increased by the same factor such that the rotational motion is the same in both frames.

This argument brings up another point. It should be clear that you cannot create an interaction
in a system where there is none by merely performing a Lorentz transformation. Neither can
you Lorentz-transform away an interaction in a system. The interaction involving a Lorentz-
transformed magnetic field and a magnet in its rest frame cannot be transformed away by observing
the system in a frame moving with respect to the rest frame of the magnet, even if a Lorentz-
transformed magnetic field does not exist in that frame.

My first objection to the Mansuripur paradox was in fact applying the point mentioned above.
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A charge separation on a current-carrying wire or current loop is an interaction between opposite
charges that cannot be produced by merely applying a Lorentz transformation from the rest frame

of the system to a moving frame of reference.

VI. AHARONOV-CASHER EFFECT

The Aharonov-Bohm effect'®!® was a surprising manifestation of the influence of the vector
potential of electrodynamics on the quantum behavior of particles not subject to either a mag-
netic or electric field. It was predicted that two identical charged particles, passing either side
of a solenoid would exhibit a phase difference in their wave functions, leading to a detectable
interference pattern when the particles interacted after passing the solenoid. This was called a
“topological quantum effect”.

This was puzzling since there is no electric or magnetic field acting on the particles, and the
vector potential field through which the particles traveled was thought by many to be only a math-
ematical convenience for working out electromagnetic problems. The electric and magnetic fields
can be computed from the scalar and vector potentials of electromagnetism, but neither is unique.
They can be transformed by gauge transformations and yet yield the same electric and magnetic
fields. So it was a surprise that a field that was not considered exactly real could have real effects.
(This was seen as a case of gauge invariance.)

Working with an analogy to the Aharonov-Bohm effect, Aharanov and Casher proposed the
same effect would be seen for neutral magnetic particles traveling on either side of, for example,
a line of charge?”. The proposed Aharonov-Casher (AC) effect included the proposition that neu-
trons would not experience a force while moving in an electric field. Neutrons passing either side
of the line of charge with their magnetic moments parallel to the line and to each other would

experience unequal phase shifts in their wave functions resulting in a phase difference of

A¢ leolli/h, (5D

where A is the linear charge density, u is the magnetic moment of the neutron, and 7 is the reduced

Planck’s constant. This could appear as a diffraction pattern in an experiment.

Boyer?! disputed the notion that a neutron in an electric field would not experience a force.

Instead, he argued that a moving neutron, modeled as an Amperian magnet, would sport an electric
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dipole p which would experience a force in an electric field E given by
F=(p-V)E. (52)

With an electric field produced by a line of charge,
A

=— 53
2me,r? " (53)

where r = xi + yj is measured from the line of charge, Boyer computed a force on the neutron

given in SI units by
_ HoltAv,

2 2\% ~
F= S (" —x7)i—2xyj]. (54)

The force is that on a neutron with its magnetic moment parallel to the line of charge (in the
positive z direction) moving in the positive y direction with speed v,. The electric dipole in this
case is given by p = uv, /c?i.

Boyer considers two such neutrons traveling in the positive y direction with speed v,, one at
X = +a and one at x = —a. He assumes the paths will not vary much from straight lines, an
assumption that seems justified considering that u,u /27wm = 1.15 x 107% J-m/A-kg, where m is
the neutron mass. He finds that a neutron passing on the positive x side of the positively charged
wire is delayed with respect to one passing on the negative side by an amount Ay = p,uA /mv,,
which results in the same phase shift as found by Aharonov and Casher in Eq. (51). Hence Boyer
claims the phase shift of the AC effect is due to classical lag rather than a quantum topological
effect. Aharonov et al?? responded that Boyer overlooked the effect of hidden momentum in the
charge-magnet system, which acts to render the net force on the neutron zero.

When Aharonov et al. equate the net force acting on the neutron (their equation (6)) to that act-
ing between the line of charge and the induced electric dipole plus that due to the supposed rate of
change of the hidden momentum, they find that the net force on the neutron is zero. However, with

neither hidden momentum?-%-23-24

in a charge-magnet system nor an electric dipole on a moving
magnetic moment' >4, the AC effect needs a different explanation.

As shown above, when a point charge is brought into the vicinity of a small Amperian magnet,
the magnet gains an amount of mechanical linear momentum p x E /2¢? with an equal momentum
gained by the charge, and the opposite of the sum of these is deposited in the electromagnetic

field. The force is due to the magnetic field produced by the displacement current as the charge

approaches.
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When you perform the same steps to get the impulse on the magnet due to the line of charge
moving toward the magnet (or vice versa) as was done for the point charge, the momentum trans-

ferred to the magnet is found to be

P,=uxE/c (55)

where E is the electric field due to the line of charge. As the magnet moves through the field,
the mechanical momentum will in general change with time, giving rise to a force on the magnet.

With the electric field given by Eq. (53), the force is given by dP,,/dt with x and y components,

respectively,
HoptA | 2 . )
F —= —_ . — =
T {rz(r v)y y} mx, (56)
and
_HopA [ 2 N
F = py { r2<r v)x—l—x} = my, (57)

the same as found by Boyer. Here v is the velocity of the magnet and m is the magnet’s mass.
When you make the same assumptions as Boyer (initial velocity = yj = v, j and x = +a), these

equations become

) N N
F = S (y" —a“) = mx, (58)
and
_ HoliA o
Fy =5 o (Fay) =mj. (59)

From this point on, if you continue the argument of Boyer, you arrive at his result, that the AC
phase shift, Eq. (51), is due to a classical lag.

There are at least two solutions to Eqgs. (56) and (57), and one is important for the Aharonov-
Casher effect. The trivial solution just has the magnet stationary in the electric field. This would
be done my applying mechanical forces to place the magnet at rest in the field.

A more interesting solution can be found by putting Eqs. (56) and (57) in polar coordinates.

The equations are then

(ro#+i9) = m[(F — r¢>)# + (2i¢ + rd) @). (60)

F=mro?. 61)



The magnet can therefore execute a circle in the counterclockwise direction (assuming A is posi-

tive) with an angular speed of

o~ 122,
Note that no such orbit exists in the clockwise direction for positive A.

It is interesting that the circumference of the orbit is exactly the same as the classical lag found
by Boyer: u,ptA/mv where v = ro. Since this highly improbable orbit is due to electromagnetic-
derived forces and not to quantum effects, its theoretical existence supports classical lag as the

cause of the Aharonov-Casher effect as claimed by Boyer.

VII. CONCLUDING DISCUSSION

The understanding of momentum in charge-magnet systems has been hampered by not taking
the formation of these systems into account. When an Amperian magnet is subjected to an electric
field or is formed in a preexisting electric field (or some combination thereof), Lorentz forces
arise that will (in general) impart momentum to the magnet and the charges and/or to an external
agent exerting mechanical forces on them. An equal and opposite amount of momentum is added
to the electromagnetic field. The solution to the Shockley-James paradox” is that their charge-
magnet system is either not being viewed in its original rest frame or the mechanical momentum
that the system would gain is present in an external agent. No hidden momentum resides in the
charge-magnet systemS.

It has generally been thought that an Amperian magnet moving in an observer’s frame of ref-
erence will be observed to have an electric dipole present on it perpendicular to both the magnetic
moment and the direction of motion. However, there is no such dipole; its mathematical manifes-
tation is due to ignoring the effects of the relativity of simultaneity'>!4,

The solution to the paradox of Mansuripur'® is simply that there is no electric dipole on a
moving magnetic dipole. Hence the supposed torque that would be seen on a moving charge-
magnet system due to the interaction of the charge with the electric dipole is not present. No
mechanical torque is seen whether or not the system is in motion®.

As Furry? has shown, a charge-magnet system where the magnet is Amperian can contain both
linear and angular momentum in its electromagnetic field. This momentum is obtained when

the system is formed and balances the mechanical momentum that is also generated>. When the

system is in motion there is a torque, but it is in the electromagnetic field and has been mistaken
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as a mechanical torque acting on the magnet.

There are two equal and opposite sources of torque in a moving charge-magnet system, yield-
ing no net torque. One is due to the motion of the electromagnetic field. The field momentum
Furry identified is Lorentz-transformed into a time-dependent angular momentum, thus producing
a torque. The other source is due to the interaction between the charge and the current loop of the

magnet, not between the charge and an electric dipole on the magnet®.

A current loop can experience a torque in a magnetic field unless the field and magnetic moment
are parallel or antiparallel. A current loop moving through an electric field will be in a Lorentz-
transformed magnetic field and thus may experience a torque. An observer at rest with the electric
field sees no magnetic field, and it has been thought that the observer would detect no torque,
thus creating a paradox. Vaidman’ claimed to have solved this paradox by appealing to induced

mechanical forces.

However, if there actually is torque acting on the current loop in its frame of reference, a
Lorentz transformation to any other frame of reference cannot do away with that torque. So, if
there is a torque observed in the moving frame due to a magnetic field in that frame, there will also
be a torque seen in any other reference frame, whether or not a magnetic field is detected in that

frame.

In the Aharonov-Casher effect?® neutral Amperian magnets (such as exist on neutrons) are
supposed to experience a differential phase shift in their wave functions as they pass on either side
of a line of charge. According to this effect, the phase shift difference is a result of what is called
a quantum topological effect rather than some force that causes one magnet to beat another to a
detection system. Boyer?! disputed the quantum nature of the effect by calculating a lag between
neutrons passing either side of the line of charge due to a force between the charge of the line
and an electric dipole on the moving magnet. However there is no electric dipole present and this
explanation does not work.

Aharonov er al.??

accepted the existence of the force Boyer identified but argued that hidden
momentum was involved in canceling it. There is no hidden momentum and no electric dipole,
but there is still a force on the moving magnet due to the change in its mechanical momentum
to offset the opposite change in the electromagnetic momentum. As such, there is a lag between
magnets moving on opposite sides of the line of charge, and this lag turns out to be the same as

that calculated by Boyer.

23



REFERENCES

17, J. Thomson, “On the illustration of the properties of the electric field by means of tubes of
electrostatic induction,” Phil. Mag. 31, 149 (1891).

2J. D. Jackson, Classical Electrodynamics (John Wiley & sons, New York, 1962).

3W. H. Furry, “Examples of momentum distributions in the electromagnetic field and in matter,”
Am. J. Phys. 37, 621-636 (1969).

“W. Shockley and R. P. James, “’try simplest cases’ discovery of *hidden momentum’ forces on
’magnetic currents’,” Phys. Rev. Lett 18, 876-879 (1967).

SF. R. Redfern, “Magnets in an electric field: hidden forces and momentum conservation,” Eur.
Phys. J. D. 71, 163 (2017).

6J. Franklin, “What is the force on a magnetic dipole?” Eur. J. Phys. 39, 035201 (2016).

L. Vaidman, “Torque and force on a magnetic dipole,” Am. J. Phys. 58, 978-983 (1990).

8V. Hnizdo, “Comment on ’torque and force on a magnetic dipole’ by 1. vaidman [am. j. phys.
58,978983 (1990)],” Am. J. Phys. 60, 279-280 (1992).

A. Cho, “Textbook electrodynamics may contradict relativity,” Science 336, 404 (2012).

10M. Mansuripur, “Trouble with the lorentz law of force: Incompatibility with special relativity
and momentum conservation,” Phys. Rev. Lett. 108, 193901 (2012).

1A Einstein and J. Laub, “Uber die im electromagnetischen felde auf ruhende korper ausgeubten
ponderomotorischen krafte,” Ann. Phys. 331, 541-550 (1908).

12D. J. Griffiths and V. Hnizdo, “Mansuripur’s paradox,” Am. J. Phys. 81, 570 (2013).

133, Franklin, http://arXiv:1603.02912 [physics.gen-ph] (2018).

14F R. Redfern, “Moving dipoles and the relativity of simultaneity,” Can. J. Phys. 97, 125-132
(2019).

ISW. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism (Dover Publications,
Mineola, New York, 2005) p. 1.

16D, Bedford and P. Krumm, “On the origin of magnetic dynamics,” Am. J. Phys. 54, 1036 (1986).

17y, Namias, “Electrodynamics of moving dipoles: The case of the missing torque,” Am. J. Phys.
57, 171-177 (1989).

18Y. Aharonov and D. Bohm, “Significance of electromagnetic potentials in the quantum theory,”
Phys. Rev. 115, 485 (1959).

9R. G. Chambers, “Shift of an electron interference pattern by enclosed magnetic flux,” Phys.

24



Rev. Lett. 5, 3 (1960).

20y, Aharonov and A. Casher, “Topological quantum effects for neutral particles,” Phys. Rev. Lett.
53, 319-321 (1984).

2IT. H. Boyer, “Proposed aharonov-casher effect: another example of an aharonov-bohm effect
arising from a classical lag,” Phys. Rev. A 36, 5083 (1987).

22y, Aharonov, P. Pearle, and L. Vaidman, “Comment on ’proposed aharonov-casher effect: an-
other example of an aharonov-bohm effect arising from a classical lag’,” Phys. Rev. A 37, 4052—
4055 (1988).

233, Franklin, “The electromagnetic momentum of static charge-current distributions,” Am. J.
Phys. 82, 869-875 (2014).

24F, R. Redfern, “Momentum of charge-magnetic coil systems,” Eur. Phys. J. D 71, 325-330
(2017).

25F. R. Redfern, “An alternative resolution to the mansuripur paradox,” Phys. Scr. 91, 045501
(2016).

26]. D. Jackson, Classical Electrodynamics (John Wiley & sons, New York, 1962) p. 192.

27TW. Rindler, Relativity: Special, General, and Cosmological, 2nd ed. (Oxford University Press,
Oxford, 2006).

28W. Rindler, Relativity: Special, General, and Cosmological, 2nd ed. (Oxford University Press,
Oxford, 2006) p. 153.

29]. D. Jackson, Classical Electrodynamics (John Wiley & sons, New York, 1962) p. 192.

30M. Planck, “Notes on the principle of action and reaction in general dynamics,” Phys. ZS 9, 828
(1909).

3IM. von Laue, “Ein beispiel zur dynamik der relativititstheorie,” Verhandlungen
der Deutschen Physikalischen Gesellschaft 13, 513-518 (1911), english translation:
https://en.wikisource.org/?curid=1151856.

32M. Janssen, A comparison between lorentz’s ether theory and Special Relativity in the light of
the experiments of Trouton and Noble, Ph.D. thesis, University of Pittsburgh (1995).

33S. Coleman and J. H. V. Vleck, “Origin of hidden momentum forces’ on magnets,” Phys. Rev.
171, 1370-1375 (1968).

343, D. Jackson, Classical Electrodynamics (John Wiley & sons, New York, 1962) p. 149.

353, D. Jackson, Classical Electrodynamics (John Wiley & sons, New York, 1962) p. 146.

36 A. Einstein, “On the electrodynamics of moving bodies,” Annalen der Physik 17, 891-921

25



(1905).

3D. 1. Griffiths, “Resource letter em-1: Electromagnetic momentum,” Am. J. Phys 80, 7—17
(2012).

38D, Babson et al., “Hidden momentum, field momentum, and electromagnetic impulse,” Am. J.
Phys. 77, 826-833 (2009).

3R. H. Romer, “Editorial: ’questions and answers’ a new section of the american journal of
physics, answer to question #1956,” Am. J. Phys. 62, 487-489 (1994).

40K. T. McDonald, http://www.hep.princeton.edu/"mcdonald/examples/thomson.pdf (2015).

41C. G. Darwin, “The dynamical motions of charged particles,” Phil. Mag. 39, 537-551 (1920).

42T. H. Boyer, “Classical interaction of a magnet and a point charge: The shockley-james paradox,”
Phys. Rev. E. 91, 013201 (2015).

43T. H. Boyer, “Interaction of a magnet and a point charge: Unrecognized internal electromagnetic
momentum,” Am. J. Phys. 83, 433-442 (2015).

44T. H. Boyer, http://arXiv.org/0708.3367.

4T. H. Boyer, http://arXiv.org/0709.3457 (2008).

46T, H. Boyer, http://arXiv.org/1408.3741 (2014).

477, D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley & sons, New York, 1999) p. 286.

483, D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley & sons, New York, 1962) p. 33.

497, D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley & sons, New York, 1962) p. 193.

30T, R. Reitz and F. J. Milford, Foundations of Electromagnetic Theory (Addison-Wesley, Reading,
Massachusetts, 1960).

31y, D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley & sons, New York, 1962) where
his equation 5.58 on page 147 is in Gaussian units.

2P, L. Saldanha, “Comment on ’trouble with the lorentz law of force: Incompatibility with special
relativity and momentum conservation’,” Phys. Rev. Lett. 110, 089403 (2013).

3D. A. T. Vanzella, “Comment on ’trouble with the lorentz law of force: Incompatibility with
special relativity and momentum conservation’,” Phys. Rev. Lett. 110, 089401 (2013).

>4S. M. Barnett, “Comment on ’trouble with the lorentz law of force: Incompatibility with special
relativity and momentum conservation’,” Phys. Rev. Lett. 110, 089402 (2013).

>3SM. Khorrami, “Comment on "trouble with the lorentz law of force: Incompatibility with special
relativity and momentum conservation’,” Phys. Rev. Lett. 110, 089404 (2013).

SF. R. Redfern, http://prism-redfern.org/nohidden.pdf (2015), last accessed in January, 2017.

26



>7F. T. Trouton and H. R. Noble, “The forces acting on a charged condenser moving through
space,” Proc. Royal Soc. 74, 479, 132-133 (1903).

8V. Hnizdo, “Hidden mechanical momentum and the field momentum in stationary electromag-
netic and gravitational systems,” Am. J. Phys. 65, 515-518 (1997).

F. R. Redfern, http://prism-redfern.org/physicsjournal/trouton-noble.pdf (2016), last accessed in
January, 2017.

60p 1. Saldanha and J. S. O. Filho, (2016), last accessed in January, 2017.

617.S. O. Filho and P. L. Saldanha, “Hidden momentum in a hydrogen atom and the lorentz-force
law,” Phys. Rev. A 92, 052017 (2015).

2G. Spavieri, “Role of the electromagnetic momentum in spin-orbit interaction,” Eur. Phys. J. D
70, 263 (2016).

63w, Rindler, Relativity: Special, General, and Cosmological, 2nd ed. (Oxford University Press,
Oxford, 2006) see page 148.

64M. Mansuripur, Proc. of SPIE 9548, 95480K,1-24 (2015).

6W. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism (Dover Publications,
Mineola, New York, 2005) p. 332.

6W. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism (Dover Publications,
Mineola, New York, 2005) pp. 336-337.

67W. Rindler, Relativity: Special, General, and Cosmological, 2nd ed. (Oxford University Press,
Oxford, 2006) pp. 38-39.

68 M. Mansuripur, “The lorentz force law and its connections to hidden momentum, the ein-
stein—laub force, and the aharonov—casher effect,” IEEE Transactions on magnetics 50, 1300110
(2014).

%9M. Mansuripur, “Nature of the electromagnetic force between classical magnetic dipoles,” Spin-

tronics X, Proceedings of SPIE 10357, 10357-1:6 (2017).

27



